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- Climate extremes or rare transitions: studies hindered by three problems 

       1) lack of observational data
       2) poor sampling with numerical models due to high computational costs

    3) reliability of numerical models

Summer 2003 heat wave over France

Rare events in the climate system



- Climate extremes or rare transitions: studies hindered by three problems 

       1) lack of observational data
       2) poor sampling with numerical models due to high computational costs

    3) reliability of numerical models

- Attempt at solving problem 2: improve sampling efficiency with rare event algorithms

Summer 2003 heat wave over France

Rare events in the climate system



- Computational techniques to guide numerical 
models to oversample rare dynamical paths

Rare event algorithms 2
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Figure 1. Right panels: typical snapshots of the vortic-
ity fields (the colors show the vorticity values, with red for
positive ones, blue for negative ones and black for interme-
diate ones; the range of vorticity is [-1,1]). Middle panels:
Hovmöller diagrams of zonally averaged vorticity (the hori-
zontal axis is ↵t, the vertical one is y, and the color represents
the x�averaged vorticity, ↵ = 1.20 10�3). Left panels: time
and zonally averaged vorticity (red) and velocity (green). The
top plots show a two jet state for � = 5, while the bottom
ones show a three jet one for � = 10.

sitions). As there is no related symmetry breaking, one
may expect these transitions to be first order ones with
discontinuous jumps of some order parameters. In sit-
uations with discontinuous transitions when an external
parameter � is changed, one expects for each bifurcation
a multistability range (�1,�2) in which two (or more) pos-
sible states exist for a single value of �. Such a bistabil-
ity has indeed been observed [16], by changing the model
initial conditions. Fig. 2 shows for the first time sponta-
neous transitions between the two bistable states. The
transitions are well characterized by the Fourier compo-
nents qn =

´
dxdy !(x, y)einy/(2⇡)2 for n = 2 and n = 3:

Fig. 2 features five 2 ! 3 transitions, and five 3 ! 2
transitions in about 106 turnover times.

We would like to address the following basic questions:
What are the transition rates? What are the relative
probability of each attractors (equilibrium constants)?
Do the transition trajectories concentrate close to in-
stantons like in statistical physics [24]? Do the thou-
sands of small scale vortices act collectively as atoms in
a nucleation process? Unfortunately, such questions are
una↵ordable using direct numerical simulations. Observ-
ing such rare spontaneous transitions in turbulent flows
is highly unusual as most turbulent simulations last a
few turnover times at most, because of the huge numeri-
cal cost. This limitation is a wall that drastically limits
the study of transitions in turbulent flows to extremely
simple models and a few transitions only. In order to
study rare transitions in turbulent flows, we consider a
completely new approach in turbulence studies: using
the adaptive multilevel splitting algorithm [25–27] (see
Fig. 3). This rare event algorithm belongs to the family
of splitting algorithms, where an ensemble of trajectories
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Figure 2. Rare transitions between turbulent attractors with
respectively 2 and 3 alternating jets. Upper panel: Hovmöller
diagram of the zonal mean vorticity. Lower panel: timeseries
of the modulus of q2 (red) and q3 (black), the zonal mean
vorticity Fourier components, for wavenumber 2 and 3 re-
spectively, versus the rescaled time ↵t (↵ = 1.2 · 10�3 and
� = 5.26).

are simulated and subjected to a succession of selections,
cloning or killing, and dynamical mutation steps. The
principle of the algorithm [25] is described in the legend
of Fig. 3. A full description of the algorithm and of the
method to compute transition rates is described in [27].
Its mathematical properties (convergence, fluctuations,
etc) have been studied recently [26, 28]. This algorithm
has first been tested in extremely simple dynamics with
few degrees of freedom [25]. It has been applied for the
first time to a partial di↵erential equation, the Ginzburg–
Landau dynamics, in [27]. In [27], for the equilibrium
Ginzburg–Landau dynamics, a very precise comparison
of the AMS algorithm results with explicit analytic re-
sults of the Freidlin-Wentzell theory is performed, show-
ing that the algorithm can faithfully compute averaged
transition times of order of 1015 larger than the typical
duration of a direct numerical simulation. This letter
describes the first application of the adaptive multilevel
splitting algorithm to turbulent flows, and to complex
non equilibrium dynamics, where analytical results are
out of reach. This is also the first use of a rare event al-
gorithm to study transitions in turbulence that can not
be studied through direct numerical simulations. Using
this algorithm we have been able to compute thousands
of spontaneous transitions and their probability. Table I
shows the exponential reduction of computational time
in order to compute thousands of transitions.
Fig. 4 and the associated movie (Supplementary

Video) describe 2 ! 3 transitions for ↵ = 6.0 10�4. Both
the movie and the figure clearly illustrate that a new jet
formation proceeds through the nucleation of two new
ensembles of small positive and negative vortices lying
in an area of overall zero vorticity located at a westward
jet. Like in condensed matter, such a nucleation is highly

4

Figure 6. Instantons: The reactive tubes corresponding to
the distribution of transition paths for the 2 ! 3 (red) and
3 ! 2 (blue) transitions. They illustrate the concentration of
transition paths typical of an instanton phenomenology (see
the main text) (� = 5.26 and ↵ = 1.2 · 10�3).

bulent flows because this requires a huge number of rare
transitions for di↵erent values of ↵, an impossible task
without a rare event algorithm. The validity of this hy-
pothesis is suggested by the nucleation phenomenology.
Moreover, we have recently conjectured [29, 30] that the
slow evolution of the zonally averaged part of the flow,
U(y, t) =

´
dxv(x, y, t), may be described by an e↵ective

equation

@U

@⌧
= F (U) +

p
↵�(U, ⌧), (2)

where ⌧ = ↵t is a rescaled time, F (U), the average of
the divergence of the Reynolds stress (more precisely,
[29] derived Eq. (2) formally and proved that the hy-
pothesis for the asymptotic expansion leading to F (U)
are self-consistent, while [30] explained how to compute
�(U, ⌧))). The classical Freidlin–Wentzell theory [31] de-
scribes large deviations and rare transitions for Eq. (2)
for weak noises (↵ ⌧ 1). From this theory, two main con-
sequences can be derived from Eq. (2): first an Arrhe-
nius law, and second a concentration of transition paths
close to a single path called instanton [24, 32, 33] (see
[3] for an experimental observation in a magneto hydro-
dynamics turbulent flow, and [33] for numerical results
for Burger’s equation). In the following of this letter we
will show that these two consequences are verified, giving
further support to Eq. (2).

Using the adaptive multilevel splitting algorithm, we
have been able to collect thousands of transition paths.
In Fig. 6, 80% of the direct 2 ! 3 transitions are inside
the red tube, and 80% of the direct 3 ! 2 trajectories
are inside the blue tube, in the reduced space of observ-
ables (|q2| , |q3| , |q4|) (see Fig. 2). This unambiguously
illustrates the concentration of transition paths close to
an instanton. This is the first demonstration of such a
phenomenology from numerical simulations in a turbu-
lent flow. We stress the strong asymmetry between the
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Figure 7. Arrhenius law. Logarithm of the mean first tran-
sition time T from the two-jet to the three-jet attractors ver-
sus 1/↵ (� = 5.5). This result suggests that mean transition
times might follow an Arrhenius law T / e�U/↵. (b)

↵ AMS DNS

1.2 · 10�3 1.0d 15d

0.9 · 10�3 1.4d 210d

0.6 · 10�3 2.2d ⇠51y

0.45 · 10�3 3.4d ⇠2050y

Table I. CPU time (d: days, y: years) needed to obtain 1000
transition paths using 200 processors for the adaptive multi-
level splitting algorithm compared to direct numerical simu-
lation for di↵erent values of ↵.

2 ! 3 and 3 ! 2 transition, which is expected for an irre-
versible dynamics of a turbulent flow. We also study for
the first time in a turbulent flow an Arrhenius law, based
on thousands of extremely rare transitions (see Tab. I).
Following the approach described in [34] we compute the
averaged transition time E(T ) = 1/� for the 2 ! 3 tran-
sitions (see Fig. 7). Those data are clearly compatible
with an Arrhenius law logE(T ) / �V/↵. Viscosity ef-
fects are discussed in the Supplementary Material file.

The new use of the adaptive multilevel splitting algo-
rithm for studying rare transitions in a turbulent flow
demonstrates for the first time that thousands of vor-
tices can self-organize and nucleate new structures and
trigger transitions. Like in condensed matter, the tran-
sition paths concentrate close to instantons. Instantons
may be used as precursors stressing that the extremely
rare transition became more probable. A very impor-
tant future work will be the study of Jupiter’s abrupt
climate changes with models that are more realistic then
the barotropic �-plane model [35]. While it is unlikely
that the same nucleation phenomenology should hold for
all possible turbulent transitions, the methodology de-
veloped will prove useful to study many other transitions
related to drastic changes for climate, geophysical, as-

- Long history in statistical physics, recently 
ported to geophysical and climate problems

- Different methods for different applications

Bouchet, Rolland, Simonnet, Phys. Rev. Lett.  2019



Importance sampling

Rare event algorithm and importance sampling
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- Importance sampling: make rare events common



Online trajectory selection Importance sampling

Rare event algorithm and importance sampling

Figure from Wouters et al 2023 X

- Importance sampling: make rare events common

- Ensemble simulations with numerical model + genetic algorithm 

- Define observable of interest, e.g. surface temperature over region. Every constant 
intervals of resampling time   the trajectories are killed or cloned, based on weights that 
measure the likelihood to develop an extreme for the target observable

τ



- Importance sampling: make rare events common

- Ensemble simulations with numerical model + genetic algorithm 

- Define observable of interest, e.g. surface temperature over region. Every constant 
intervals of resampling time   the trajectories are killed or cloned, based on weights that 
measure the likelihood to develop an extreme for the target observable

τ

Online trajectory selection Importance sampling

Rare event algorithm and importance sampling

Figure from Wouters et al 2023 X

- Resampling rules adapted from Del Moral and Garnier (2005); Giardina et al. (2011), 
method is efficient to study long lasting events (Ragone et al. 2018)



- Run N trajectories           (                 )  for total simulation time  

Online trajectory selection Importance sampling

- Each trajectory generates at time              (                     ) a number of  copies of itself 
given by weights

wj(ti) =
ek ∫ti

ti−1
f(Xj(t))dt

Zi
, Zi =

1
N

N

∑
j=1

wj(ti)

with f(X(t)) observable of interest,  k control parameter.

Xj(t)
ti = iτ

Rare event algorithm and importance sampling

j = 1,..,N
i = 1,..,Ta/τ

Ta

XFigure from Wouters et al 2023



- Importance sampling of trajectories: probability of dynamical paths modified as

Importance samplingOnline trajectory selection

ℙk ({X(t)}Ta
0 ) =

ek ∫Ta
0 f(X(t))dt

Z
ℙ0 ({X(t)}Ta

0 )

- Reduces statistical errors and generates ultra-rare events: conditional statistics on rare 
events estimated much more precisely (composites, return times, correlations…)

- Trajectories with large values of time average of observable are much more likely to occur

Rare event algorithm and importance sampling

XFigure from Wouters et al 2023



- Applications:

Rare event algorithm and importance sampling

- European heatwaves in Plasim (intermediate complexity GCM)

- France and Scandinavia heatwaves in CESM1.2

- Arctic sea ice reduction in coupled Plasim-LSG

- AMOC weakening and collapse in coupled Plasim-LSG



- Applications:

Rare event algorithm and importance sampling

- European heatwaves in Plasim (intermediate complexity GCM)

- France and Scandinavia heatwaves in CESM1.2

- Arctic sea ice reduction in coupled Plasim-LSG

- AMOC weakening and collapse in coupled Plasm-LSG



Heatwaves

- Persistent anticyclonic conditions (blockings) lead to surface warming due to subsidence 
and enhanced shortwave radiation fluxes, plus feedbacks (e.g. soil moisture feedback) 

Miralles et al. 2014

- Class of extreme events characterised by time persistence of quantity/dynamics



−40 −20 0 20 40

30

40

50

60

70

80

lon

la
t

selected area

 

 

- Intermediate complexity climate model Plasim, T42 horizontal resolution (64x128), 10 
vertical layers, order 106 degrees of freedom. 

- Prescribed sea surface temperature in perpetual summer setup

- Target: European surface temperature averaged on subeasonal/seasonal time scales

- Resampling time 8 days

Experiments with climate model Plasim

Model Starter  
and 

Graphic User Interface 

Spectral Atmosphere 
moist primitive equations 

on ! levels 

Sea-Ice 
thermodynamic 

Terrestrial Surface:  
five layer soil 

plus snow  

Vegetations 
(Simba, V-code,  

Koeppen) 

Oceans: 
LSG, mixed layer, 
or climatol. SST 

Key features 
•  portable 
•  fast 
•  open source 
•  parallel   
•  modular 
•  easy to use 
•  documented 
•  compatible 

Planet Simulator 
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- Importance sampling of 90-days European heatwaves

Heatwaves and warm summers in Plasim

Summer temperature anomalies

Ragone, Wouters, Bouchet. PNAS 2018
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1000 years with 
algorithm
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- Importance sampling of 90-days European heatwaves

- Allows to compute return times up to 106 years with computational cost of 103 years

1000 years direct

1000 years with algorithm

Summer temperature anomalies Return times

Ragone, Wouters, Bouchet. PNAS 2018

Heatwaves and warm summers in Plasim

1000 years with 
algorithm

1000 years 
direct
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Summer temperature anomalies
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Composite heatwaves r>1000 years

- Importance sampling of 90-days European heatwaves

- Allows to compute return times up to 106 years with computational cost of 103 years

- Identification of teleconnection patterns for strongest heatwaves

Heatwaves and warm summers in Plasim

1000 years with 
algorithm

1000 years 
direct



1000 years direct

Ragone, Wouters, Bouchet. PNAS 2018
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Heatwaves and warm summers in Plasim

- Pattern broadly similar to Scandinavian heatwave cluster in observations

- And to July 2018 heatwave
-

Stefanon et al. 2012



1000 years direct
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Heatwaves and warm summers in Plasim
July 2018 heatwave (NCEP)

- Pattern broadly similar to Scandinavian heatwave cluster in observations

- And to July 2018 heatwave

Ragone, Wouters, Bouchet. PNAS 2018



Experiments with seasonal cycle

Control spectrum Heat waves spectrum
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Heatwaves and warm summers in Plasim

- Teleconnections associated with anomalous planetary wave activity

- Hayashi spectra: space-time spectral analysis of gph averaged between 30 and 75 °N 

- Eastward propagating waves spectrum shows low wavenumber “slow” structure

- Amplification of quasi-stationary planetary waves? (e.g. Petoukhov et al., PNAS 2016)



Experiments with seasonal cycle
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Heatwaves and warm summers in Plasim

JJA 2018 spectrum from NCEP data
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- Similar results for summer 2018: heat waves in Scandinavia, Japan and Canada

- Open discussion on role of wavenumber 7 structure for this event (Kornhuber & al., 
ERL 2019), lower wavenumbers for Alberta wildfires 2016, Russian heat waves and 
Pakistan floods 2010, and several other events… we can provide needed statistics!



Experiments with climate model CESM

- Same experiments with CESM1.2, still prescribed SST but higher resolution (1° horizontal, 
26 vertical levels), much more complex physics

- Two sets of 10 experiments targeting temperature over France or Scandinavia

- Each experiment ensemble 100 trajectories running for one summer (JJA), 25 yers 
equivalent computational cost. Total per region 250 years (doable with limited resources)

France

Scandinavia

ca. 2003 area

ca. 2018 area

WE cluster

SC cluster



Experiments with CESM: heatwaves over France
France warm summers r>1000 years return time summer temperature France

- Results confirmed: we can work with state-of-the-art global climate models

- Detected statistically significant teleconnection patterns with wavenumber 3-4

Ragone and Bouchet, GRL 2021



Scandinavia warm summers r>1000 years return time summer temperature Scandinavia

Ragone and Bouchet, GRL 2021

- Results confirmed: we can work with state-of-the-art global climate models

- Detected statistically significant teleconnection patterns with wavenumber 3-4

Experiments with CESM: heatwaves over Scandinavia



Experiments with CESM: heatwaves over Scandinavia
Scandinavia warm summers r>1000 years

Ragone and Bouchet, GRL 2021

July 2018 heatwave (NCEP)

- Results confirmed: we can work with state-of-the-art global climate models

- Detected statistically significant teleconnection patterns with wavenumber 3-4

- Scandinavia pattern matches extremely well with observed 2018 event



Experiments with CESM: heatwaves over Scandinavia

JJA 2018 spectrum from NCEP data
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- Results confirmed: we can work with state-of-the-art global climate models

- Detected statistically significant teleconnection patterns with wavenumber 3-4

- Scandinavia pattern matches extremely well with observed 2018 event

Heat waves spectrum



Experiments with CESM: heatwaves over Scandinavia

- For Scandinavia unexpected behaviour

- Bimodality distribution seasonal temperatures

- Upper mode hosts “mega-heatwave” June-July events 
with same characteristics in different ensembles

Ragone and Bouchet, GRL 2021

Experiments with CESM: heatwaves over Scandinavia



- Applications:

Rare event algorithm and importance sampling

- European heatwaves in Plasim (intermediate complexity GCM)

- France and Scandinavia heatwaves in CESM1.2

- Arctic sea ice reduction in coupled Plasim-LSG

- AMOC weakening and collapse in coupled Plasim-LSG



Arctic sea ice reduction in Plasm-LSG

-  Arctic sea ice reduction extremes, Jerome Sauer (PhD UCLouvain), François Massonnet, 
Giuseppe Zappa, Jonathan Demaeyer



Arctic sea ice reduction in Plasm-LSG

Sauer et al., submitted

- Simulations with Plasim coupled to LSG ocean model, T21 resolution, reasonable climate

- Experiments melting season (Feb-Sep), 5 days resampling time, target pan-Arctic sea ice 



Arctic sea ice reduction in Plasm-LSG

Sauer et al., submitted



Arctic sea ice reduction in Plasm-LSG

Sauer et al., submitted



Arctic sea ice reduction in Plasm-LSG

- Three ingredients are necessary to obtain a seasonal extreme of Arctic sea ice:

- Preconditioning (memory and/or lack of sea ice thickening during winter)

- Highly humid and cloudy Arctic atmosphere throughout late winter and spring

- Arctic “heatwave” in early summer

LH SH

Albedo

Cloud cover
Pr. water

Sauer et al., submitted



Arctic sea ice reduction in Plasm-LSG

- Three ingredients are necessary to obtain a seasonal extreme of Arctic sea ice:

- Preconditioning (memory and/or lack of sea ice thickening during winter)

- Highly humid and cloudy Arctic atmosphere throughout late winter and spring

- Arctic “heatwave” in early summer

T2M

GPH500hPa

Sauer et al., submitted



- Applications:

Rare event algorithm and importance sampling

- European heatwaves in Plasim (intermediate complexity GCM)

- France and Scandinavia heatwaves in CESM1.2

- Arctic sea ice reduction in coupled Plasim-LSG

- AMOC weakening and collapse in coupled Plasim-LSG



- Target:  AMOC strength obtained as maximum of the Atlantic meridional overturning 
streamfunction between 46° and 66°N and below 700m

- AMOC weakening extremes, Matteo Cini (PhD University of Turin, ISAC, M.Sc. University 
of Bologna), Giuseppe Zappa, Susanna Corti

AMOC weakening and collapse in Plasim-LSG

- Simulations with Plasim coupled to LSG ocean model, T21 resolution, resampling 1 year

Cini et al., under review



- AMOC weakening extremes, Matteo Cini (PhD University of Turin, ISAC, M.Sc. University 
of Bologna), Giuseppe Zappa, Susanna Corti

AMOC weakening and collapse in Plasim-LSG

- Simulations with Plasim coupled to LSG ocean model, T21 resolution, resampling 1 year

Cini et al., under review

- Target:  AMOC strength obtained as maximum of the Atlantic meridional overturning 
streamfunction between 46° and 66°N and below 700m



AMOC weakening and collapse in Plasim-LSG

- Atmospheric trigger via anomalous freshwater fluxes and zonal wind stress anomalies 
(contribution of Ekmann currents to AMOC weakening)

Cini et al., under review

- Sampling of trajectories with extreme AMOC weakening only due to internal variability: 
experiments with no external forcing (no hosing, global warming, etc)



- Switching off the algorithm (purple) after reaching a weak AMOC state (blue) some 
trajectories recover, other keep drifting: reached basin of attraction of collapsed state

AMOC weakening and collapse in Plasim-LSG

Cini et al., under review



- Switching off the algorithm (purple) after reaching a weak AMOC state (blue) some 
trajectories recover, other keep drifting: reached basin of attraction of collapsed state

AMOC weakening and collapse in Plasim-LSG

- Value of AMOC index does not fully identify likelihood of staying in collapsed vs active 
state: issue with using it standalone to study stability when changing a parameter?

Cini et al., under review



Future perspectives

- For the future: how to apply these techniques to predictability problems (move to state of 
the art coupled models and constrain initial conditions to slow components)

- Other current projects: 

- large deviations of finite time Lyapunov exponents (with Jonathan Demaeyer)

- marine heatwaves in coupled GCMS and seasonal to decadal predictability
 

Thank you for your attention

- Dedicated algorithms to analyse transitions could help to study tipping elements

- Application to non-stationary conditions?



Experiments with CESM: heatwaves over Scandinavia

Typical control

Strongest control

Climatology

Rare event simulation trajectories

Seasonal 
averages



0.416667

- Analysis of the branching of the trajectories due to the cloning

- What makes an “ancestor” trajectory successful?

- Precursors and climatic drivers: predictability of risk 

Time

Tr
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es

Cloning

“Ancestors”

Ensemble at the end of the simulation

Analysis of trajectories branching



AMOC weakening and collapse in Plasim-LSG



AMOC weakening and collapse in Plasim-LSG


